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We demonstrate that the output statistics of a quantum annealing protocol run on D-Wave 2000Q
can be explained by static disorder garnishing an otherwise ideal device hardware. A Boltzmann-
like distribution over distinct output states emerges with increasing problem size, and significantly
reduces the chances for a correct identification of the sought-after optimal solutions.
PACS numbers:
Introduction – Moderate size quantum annealing de-
vices, such as D-Wave 2000Q with more than 2000 qubits,
are attracting growing attention [1, 2] as the potentially
first real-world implementations of the quantum comput-
ing paradigm with useful applications. Quantum anneal-
ers are designed to solve discrete optimisation problems
[3, 4] with a broad portfolio of applications ranging from
traffic flow control to material design [6, 7]. They have
already been extensively compared to other optimsation
heuristics like Quantum Monte Carlo, Hamze-de Freitas-
Selby, simulated annealing or other SAT solvers, and even
outperformed these in certain cases [5, 11, 12]. How-
ever, it remains to be shown to which extent or under
which conditions a quantum annealer’s output reliably
coincides with the desired optimal solutions. Another
suggested functionality is the efficient sampling from a
Boltzmann-like distribution, which is relevant for appli-
cations of artificial neural networks in a machine learn-
ing context [8–10]. Yet, this feature of quantum anneal-
ing output data has so far been studied only empiri-
cally [13, 14], without a clearly identified origin. Our
present purpose therefore is to demarcate application
scenarios with certifiably high success probabilities from
those which provably induce “thermalization”, by direct,
quantitative confrontation of a minimal theoretical model
with large samples of D-Wave 2000Q output data.
Despite stunning experimental progress, current an-
nealing devices are still subject to various sources of im-
perfections which imply limitations for possible applica-
tions – in particular when it comes to large computa-
tional problems which, on the other side, constitute the
relevant benchmark for the promise of any quantum com-
putational advantage. Those error sources essentially are
(i) imperfections in the initial state preparation, (ii) non-
adiabatic transitions during the annealing step, (iii) a
loss of coherence induced by environment coupling, (iv)
readout errors, and (v) static disorder due to limited
control of the precise hardwiring of the machine [15–17].
Given the ever improving degree of available control on
the quantum state of single qubits, on switching profiles
which warrant adiabaticity, and on the separation of co-
herent and incoherent time scales, we here focus on v)
alone – static disorder as the arguably dominant source
of errors: In particular when moving towards larger ar-
chitectures with an ever increasing number of control pa-
rameters, it is clear that the latter can be tuned with
only finite precision, such that a certain level of disorder
is fundamentally unavoidable [18]. We will see that, for
10-qubit target Hamiltonians which can be exactly diago-
nalized on classical digital computers, the statistics of the
numerically simulated annealing protocol’s output coin-
cide with the D-Wave 2000Q output when implement-
ing the same Hamiltonian, for an appropriate level of
static noise realised in the numerical simulations. This
establishes the first quantitative explanation for near to
Boltzmann distributed output, caused by a critical level
of static disorder imprinted on the target Hamiltonian.
We conclude with a discussion of the implications of our
results for the application of currently available quan-
tum annealing devices to computational problems which
require larger quantum registers.
Model – The D-Wave machine implements the trans-
formation of a time-dependent Hamiltonian H(t) =
A(t/τ)Hin + B(t/τ)Hfin from the initial Hamiltonian
Hin =
∑
σ
(i)
x into the final (target, or problem) Hamil-
tonian Hfin, on a tuneable time scale τ modelled by the
monotone [17] switching functions A(t) and B(t) [28].
The quantum annealing protocol consists in the prepara-
tion of the ground state of Hin, followed by an (ideally)
adiabatic evolution into the ground state of Hfin, during
the (sufficiently long) annealing time τ , under the above
transformation of the Hamiltonian. On output, the con-
figuration of the quantum register qubits’ final states –
spin up or down – is read out and converted into the
output state’s energy, by evaluation of the target Hamil-
tonian’s energy with respect to that very output state.
In this scenario, the solution is found once the target
ground state is unambiguously identified by ordering of
the output energies.
The target Hamiltonian is physically generated by
switching on local control fields and non-local interaction
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2terms, currently of Ising form [17]
Hfin = α
N∑
i=1
hiσ
(i)
z + α
∑
i,j∈G
Jijσ
(i)
z ⊗ σ(j)z , (1)
where we additionally introduced a global scaling fac-
tor α – which controls the average level spacing of the
protocol’s final Hamiltonian, thereby allows to adjust its
intrinsic energy and time scales, and will become relevant
below. The machine’s (limited) connectivity defines the
index set G of the second sum in (1), and is restricted by
the so-called Chimera graph architecture [17]. The opti-
misation problem to be solved is encoded in the choice of
the local energy splittings αhi ∈ [−2, 2] and of the cou-
pling strengths αJij ∈ [−1, 1], which can be tuned with
a binning precision of 0.001 [29], all in units of the final
value B(1) of the annealing protocol’s switching function.
B(1) = 13.37 GHz for all D-Wave data which enter our
subsequent analysis [30].
An ideal adiabatic protocol will deterministically out-
put the desired target Hamiltonian’s ground state, pro-
vided that the tuning parameters hi and Jij are set with
infinite precision. Ubiquitous and unavoidable hardware
imperfections (non-ideal tuning of the Hamiltonian ener-
gies and couplings, etc.), however, will de facto induce a
statistical distribution of target Hamiltonians when sam-
pling over a sequence of annealing runs, and, conse-
quently, also a statistical distribution of output states
and energies. The reliability of the annealing protocol’s
output under such realistic conditions will essentially de-
pend on the competition between the disorder strength
(i.e., the error garnishing the target Hamiltonian parame-
ters) and the mean level spacing in the low-energy range
of the target Hamiltonian, since this can induce unde-
sired changes of the energetic ordering of different output
register configurations, and thus an incorrect identifica-
tion of the solution state, as illustrated in Fig. 1 [15, 16].
To assess the protocol’s reliability, we therefore need to
quantify the probability for excited states of the ideal tar-
get Hamiltonian to be transformed into the ground state
of its disorder realisations – which are effectively sampled
over.
Let us make these considerations more quantitative by
adopting the following model: We assume perfectly adi-
abatic evolution (at strictly vanishing physical temper-
ature, i.e. under the assumption of strictly unitary dy-
namics) from the ideal ground state |−〉⊗N of Hin into
the ground state |g˜〉 of a final Hamiltonian H˜fin – which
is a disordered realisation of the ideal target Hamiltonian
Hfin with precisely specified parameters hi and Jij . H˜fin
is different (this is the operational meaning of “disorder”)
in each run of the annealing protocol, and constructed ac-
cording to (1), with energy splittings and couplings nor-
mally distributed around their ideal target values, with
standard deviations σh and σJ . In other words, we sub-
stitute αhi → h˜i = αhi+Xi and αJij → J˜ij = αJij+Yij ,
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FIG. 1: Schematic representation of the energy spectrum of the ideal
(left) and of a single realisation of the disordered target Hamiltonian
(right). If the energetic disorder strength σE is comparable to or
larger than the level spacing ∆E in the low energy part of the
spectrum, the energetic ordering of the eigenstates of Hfin as defined
in (1) can be changed, leading to an erroneous identification of the
ground state |g˜〉 rather than |g〉, and hence of the solution of the
optimisation problem encoded in Hfin.
with Xi ∼ N (0, σh) and Yij ∼ N (0, σJ). As a con-
sequence, this introduces an uncertainty for the target
Hamiltonian’s energy levels, described by the standard
deviation σE =
√
σ2hN + σ
2
J |G| (Fig. 1), with N being
number of qubits and |G| number of active connections.
We employ disorder strengths σh and σJ which we adjust
around those values reported for a specific experimen-
tal realisation of D-Wave 2 in [21] and employed in [20],
σJ = 0.035 and σh = 0.05 (again in units of B(1); note
that these values are 35 and 50 times larger than the
above tuning precision on input). Since both H˜fin and
Hfin are diagonal in the σz-basis, it is straightforward to
identify the ground state |g˜i〉 of the i-th random reali-
sation of H˜fin, which gives rise to a statistical sample of
output energies Ei = 〈g˜i|Hfin|g˜i〉 distributed around the
sought-for ground state energy. The stronger the disor-
der in comparison to the typical level spacing between
ground and excited states, the broader the distribution
of output energies.
Simulations and experiments – We now scrutinize this
model by engineering a ten qubit target Hamiltonian Hfin
of type (1), with splittings hi and couplings Jij chosen
such that its spectrum exhibits a non-degenerate ground
state and a threefold degenerate first excited state [31] (
rescaling the average level spacing of H˜fin by choosing dif-
ferent values of α preserves these properties). This spec-
tral structure is intentionally chosen to “seed” the reshuf-
fling effect illustrated in Fig. 1, and generic in the sense
that interacting many particle Hamiltonians tend to ex-
hibit multiply degenerate manifolds. We then extract,
on a digital computer, output energies Ei as described
above, for 100000 disordered realizations H˜fin of Hfin per
parameter set σh, σJ , α. This provides the probability
for the different eigenstates of Hfin (identified by their
unperturbed energies) to be transformed into the ground
state of the disordered Hamiltonian H˜fin, and, hence,
to lead to a false result of the annealing protocol. To
validate our hypothesis that static disorder alone is the
source of the dominant features of the D-Wave output,
we need to check the agreement of the above simulation
data with output data of the D-Wave machine. The lat-
3ter were generated for identical Hfin, with tunable energy
scales α ∈ {0.1, 0.2, 0.5, 1.0, 2.0, 4.0} and annealing times
τ/µs ∈ {1, 10, 20, 50, 100, 500, 1000, 1500, 2000}, and
10000 annealing runs per parameter set. To focus on the
impact of the static disorder, available post-processing
settings were turned off for all experiments [19].
To quantify the agreement between simulated and D-
Wave data, we use the Jensen-Shannon divergence (JSD)
[22, 23] which measures the similarity of two distributions
P and Q, according to
JSD(P ||Q) = 1
2
D(P ||M) + 1
2
D(Q||M) , (2)
where M = 12 (P + Q) and D(P ||Q) is the Kullback-
Leibler divergence (KLD) [24],
D(P ||Q) =
∑
i
P (i) log2
P (i)
Q(i)
. (3)
With JSD(P ||Q) ∈ [0, 1], the smaller JSD, the closer the
compared distributions. In particular, JSD(P ||Q) = 0
certifies the identity of P and Q. We employ JSD in-
stead of KLD, because it is symmetric in P and Q, and
always finite. Fig. 2 illustrates this comparison for the
two extreme values of available switching times τ , and
for large and small energy scales α (to check upon poten-
tial deviations from adiabaticity). For each pair (τ, α),
we performed numerical simulations with the disorder
strengths’ literature [20, 21], as well as with slightly ad-
justed values, to probe the sensitivity of the comparison
on these important model ingredients – which, however,
are not quantified in the accessible D-Wave 2000Q doc-
umentation [17].
It is apparent that our disorder model fits the D-Wave
output distribution rather well, as quantified by very
small JSD values ranging from 0.02% to 6.1% (we at-
tribute the thus quantified, remaining discrepancies be-
tween our simulation and the actual D-Wave statistics to
residual effects not accounted for in our model, such as
items i)-iv) in the introduction above). In three of four
cases we find slightly better agreement between D-Wave
data and simulations for slightly adjusted values of σh
and σJ , what (plausibly) suggests that the actual disor-
der strength on the D-Wave architecture depends on α
and τ [17].
Finally, we observe that, except for too large an en-
ergy scale ( tantamount of disorder being too weak to
be observed; results depicted in the insets of Fig. 2), the
output statistics is well approximated by a Boltzmann
probability distribution
pk =
exp(−βEk)∑
i exp(−βEi)
, (4)
with pk the probability to measure an output state energy
Ek, and β = 1/kBT , with Boltzmann constant kB and
finite effective (recall that our model assumes a strictly
unitary protocol!) temperature T . Fig. 3 shows that T
decreases rapidly as τ increases from 1 µs to 100 µs, and
then exhibits a slow drift towards even smaller T values as
the annealing time is further increased. This is consistent
with the output energy distributions listed in Table 1
for short, intermediate and long switching times, and for
the largest available energy scaling factor α = 4 (which
provides the most stringent suppression of non-adiabatic
corrections – by maximally widening all spectral gaps
[27]): The data suggest that, at small τ , non-adiabatic
processes slowly kick in and de facto contribute to the
effective temperature, while the behaviour for large τ can
only be due to systematic offsets of local control fields
and coupling strengths of the D-Wave hardware (the drift
is more pronounced for larger values of α, where non-
adiabatic corrections are progressively suppressed by, on
average, larger spectral gaps).
Energy Occurrences
τ = 1 τ = 50 τ = 100 τ = 500 τ = 1000 τ = 2000
-10.6 9766 9940 9960 9977 9977 9993
-10.2 93 30 12 8 8 3
-10.2 64 12 11 5 9 4
-10.2 74 15 16 8 2 -
-9.8 1 - - - - -
-9.4 - - - - - -
-9.4 - 3 1 1 3 -
-8.2 - - - - 1 -
-8.2 - - - 1 - -
-7.8 1 - - - - -
-6.6 1 - - - - -
TABLE I: Ground state energy occurrences on output of the D-Wave
machine, for a scaling factor α = 4. For small τ , non-negligible
excited state populations on output suggest a slow deviation from
strict adiabaticity. Multiply listed energy values indicate the
degeneracy of the associated energy levels of the target Hamiltonian.
We conclude that the overwhelming contribution to the
Boltzmann-like output statistics stems from a finite dis-
order strength of the target Hamiltonian, amended by
mild non-adiabatic contributions for the very shortest
annealing times. With some non-trivial statistical treat-
ment of the continuous limit (i.e., for quantum registers
composed of N ≥ 30, and in particular for hundreds or
thousands of qubits – system sizes out of reach for any
numerical simulation, as well as for exhaustive sampling
of the output probability distribution) of the hardware’s
density of states, this can indeed be turned into a math-
ematically rigorous statement, as elaborated elsewhere
[25].
Conclusions – In the present D-Wave architecture, re-
stricted tuning ranges of the target Hamiltonian’s pa-
rameters (h ∈ [−2, 2] and J ∈ [−1, 1]), together with
relatively strong disorder as compared to the achievable
tuning precision (standard deviation approx. 50 times
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FIG. 2: (Colour online) Comparison of the output probability
distribution of D-Wave 2000Q (10000 annealing runs per parameter set),
with the predictions of the here introduced disorder model (100000
disorder realisations per parameter set), for short (left, τ = 1 µs) and
long (right, τ = 2000 µs) annealing times. The output energies are
determined by application of the ideal, rescaled target Hamiltonian Hfin
(scaling parameter α) defined in (1), onto the annealing protocol’s
output state given in the computational basis. For disorder strengths σh
and σJ chosen close to the values reported in the literature [20, 21] for
earlier D-Wave hardware, very good agreement between the D-Wave
data and our model’s prediction is observed, irrespective of the value
α = 0.1 (main plots) or α = 4.0 (insets) of the scaling parameter. This is
corroborated by consistently small values of the Jensen-Shanon
Divergence (JSD), as listed in the table on the right (note that apparent
discrepancies in the insets at high energies cannot spoil this agreement,
due to the essentially negligible associated event probabilities). For
small energy scales α = 0.1, a Boltzmann-like spreading of the output
data over a broad range of ground state energies is apparent, and allows
to extract an effective inverse temperature β = 1/kBT (compare Fig. 3),
as shown by the black lines in both plots (fitted against the D-Wave
2000Q output data - values of β see table). Note that, for each
eigenvalue of the ideal Hamiltonian, there are in general several data
points per simulation/run of the annealing protocol on D-Wave 2000Q,
due to the degeneracy of the associated eigenspaces. This guarantees the
normalisation of the displayed distributions. Units of σ and β defined by
the final value B(1) = 13.36855 GHz and of its inverse, respectively.
τ [µs] α β σh σJ JSD
1
0.1 9.98
0.050 0.035 4.09%
0.050 0.050 2.90%
4.0 -
0.050 0.035 0.22%
0.050 0.050 0.65%
2000
0.1 17.00
0.050 0.035 6.10%
0.030 0.021 5.67%
4.0 -
0.050 0.035 0.57%
0.030 0.021 0.02%
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FIG. 3: Dependence of the rescaled Boltzmann factor αβ = α/kBT of
the D-Wave output statistics on the annealing time τ , for different
scaling factors α. The rapid decrease of the effective temperature T at
small annealing times τ ≤ 100 µs is indicative on non-adiabatic
corrections to the annealing protocol. The slow drift at large τ is
attributed to systematic offsets in the hardware’s control fields and
couplings.
larger than tuning precision!) induce considerable broad-
ening of the output distribution with increasing computa-
tional problem size (i.e., the required number N of active
qubits), potentially enhanced by, typically sub-dominant,
non-adiabatic effects. The primordial roˆle of static dis-
order is ultimately due to the exponential growth of the
number of possible output states (given by the dimen-
sionality of the underlying Hilbert space) with N , while
the total spectral width only grows linearly. For fixed
disorder strength, this sets a demarcation line between
sufficiently small N -values, where the architecture can
be reliably applied as an approximate adiabatic quan-
tum optimiser, and large quantum registers, where the
D-Wave 2000Q output statistics is well approximated by
a Boltzmann distribution. Our analysis explains, on the
basis of a simple disorder model, why D-Wave 2000Q is
a probabilistic rather than deterministic quantum com-
puter.
Our results further imply that annealing methods
(leaving optional tuning and post processing settings
aside) must be treated with some caution whenever the
solution of a given optimisation problem requires anneal-
ing into a well-defined target (ground) state encoding a
5unique solution, rather than into a group of energeti-
cally low-lying states which offer near-optimal solutions.
For the former type of problems, the probability to hit
the exact solution is strongly attenuated by the here de-
scribed consequences of disorder. The progressive ac-
cumulation of error sources with each additional qubit
further enhances this effect (as reflected by the factor
N - the number of qubits - entering the energies’ stan-
dard deviation σE =
√
σ2hN + σ
2
J |G|). Whether, in the
Boltzmann limit, even small hitting probabilities on the
percent level can still be useful for the solution of a com-
putational problem will obviously strongly depend on the
specific algorithmic task. It is therefore imperative to de-
crease the ratio between the standard deviations σh and
σJ on the one side, and the target Hamiltonian’s tuning
parameter values, on the other. Furthermore, it appears
timely to contemplate statistical validation schemes, to
enhance output confidence levels whenever those relative
error levels cannot be further reduced.
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